Abstract. We deal with well-posedness and asymptotic dynamics of a class of coupled systems consisting of linearized 3D Navier-Stokes equations in a bounded domain and a classical (nonlinear) elastic plate/shell equation. We consider three models for plate/shell oscillations: (a) the model which accounts for transversal displacement of a flexible flat part of the boundary only, (b) the model for in-plane motions of a flexible flat part of the boundary, (c) the model which accounts for both transversal and longitudinal displacements. For all three cases we present wellposedness results and prove existence of a compact global attractor. In the first two cases the attractor is of finite dimension and possesses additional smoothness. We do not assume any kind of mechanical damping in the plate component in the case of models (a) and (b). Thus our results means that dissipation of the energy in the fluid due to viscosity is sufficient to stabilize the system in the latter cases.
Introduction
We consider a coupled (hybrid) system, which describes interaction of a homogeneous viscous incompressible fluid that occupies a bounded domain O with elastic plate/shell. Boundary ∂O of O consists of the (solid) walls of the container S and a horizontal (flat) part Ω, on which a thin (nonlinear) elastic shell or plate is placed. The motion of the fluid is described by linearized 3D NavierStokes equations. To describe deformations of the shell/plate we use several elastic models. In all cases we assume that large deflections of the shell produce small effect on the fluid. This corresponds to the case when the fluid fills the container which is large in comparison with the size of the shell/plate.
We note that the mathematical studies of the problem of interaction of viscous fluids and elastic plates/bodies have a long history. We refer to [3, 12, 14] for the case of plates/membranes, to [10] in the case of moving elastic bodies, and to [1, 2, 11] in the case of elastic bodies with fixed interface; see also the literature cited in these papers.
Mathematical Description of the Models
Fluid. Let O ⊂ R 3 be a bounded domain with sufficiently smooth boundary ∂O. We assume that ∂O = Ω ∪ S, where Ω ⊂ {x = (x 1 ; x 2 ; 0) : x ′ ≡ (x 1 ; x 2 ) ∈ R 2 } with a smooth contour Γ = ∂Ω and S is a surface lying in R 3 − = {x 3 ≤ 0}. The exterior normal on ∂O is denoted by n. We have that n = (0; 0; 1) on Ω. The surface S corresponds to solid walls of the container with a fluid, and Ω models an elastic shell or plate placed over the fluid.
To describe the fluid we consider the following linear Navier-Stokes equations in O for the fluid velocity field v = v(x, t) = (v 1 (x, t); v 2 (x, t); v 3 (x, t)) and the pressure p(x, t):
where ν > 0 is the dynamical viscosity and G f is a volume force. We denote by T f (v) the surface force exerted by the fluid on the shell which is equal to T n| Ω , where n is an outer unit normal to ∂O at Ω and
is the stress tensor of the fluid,
Since n = (0; 0; 1) on Ω, we have that
A specific form of this force as well as boundary conditions on Ω for the fluid depend on elastic plate/shell model we choose. General Model (GM). We start with the full von Karman shallow shell model which accounts for both transversal and in-plane displacements (see [20, 15, 13, 17] and the references therein). To this end we equip (1) and (2) with the (nonslip) boundary conditions imposed on the velocity field v = v(x, t):
where u = u(x, t) ≡ (u 1 ; u 2 ; w)(x, t) is the displacement of the shell occupying Ω. Here w stands for the transversal displacement,ū = (u 1 ; u 2 ) -for the lateral (in-plane) displacements.
To describe the shell motion we use the full von Karman model which takes into account rotational inertia of the filaments and possible presence of in-plane acceleration terms (see the literature cited above):
and
where
, and
Here D = Eh/(1 − µ 2 ), E is Young's modulus, 0 < µ < 1/2 is Poisson's ratio, h is the thickness of the shell, α > 0 and ϱ ≥ 0 are constants taking into account rotational inertia and in-plane inertia of the shell, γ ≥ 0 is a parameter which describes intensity of the viscous damping of the shell material. We denote by G sh ≡ (G 1 ; G 2 ; G 3 ) a (given) body force applied to the shell.
We impose the clamped boundary conditions on the shell:
We supply (1)- (7) with the initial data for the velocity field v = (v 1 ; v 2 ; v 3 ) and the shell displacement vector u = (u 1 ; u 2 ; w) of the form
are given vector functions which we will specify later. From (2) and (3) we can also derive the compatibility condition
which can be interpreted as preservation of the volume of the fluid.
Simplified Model 1 (SM1).
This kind of models arises in the study of the problem of blood flows in large arteries (see, e.g., [12] and the references therein). The model assumes additional hypothesis that the transversal displacement w of the plate is negligible relatively to the in-plane displacement (u 1 ; u 2 ). Thus we consider only longitudinal deformations of the plate and take into account only tangential shear forces which fluid exerts on the plate. Formally this means that we omit equation (4) and put w ≡ 0 in (3) and (5). Thus we arrive at the following boundary conditions imposed on the velocity field v = v(x, t):
is the in-plane displacement vector of the plate placed on Ω satisfying (5) with N 0 (u) = C(ϵ 0 (u)) instead of N .
We assume that for this case the external (in-plane) force ( (5) is a nonlinear feedback force represented by a potential Φ:
Since v 3 (x 1 ; x 2 ; 0) = 0 for (x 1 ; x 2 ) ∈ Ω due to the second relation in (10), we have v 3 xi = 0 on Ω, i = 1, 2. Thus after rescaling of the elastic constants we arrive at the following equations for the in-plane displacement u = (u 1 ; u 2 ):
where λ is a nonnegative parameter. We impose the clamped boundary conditions (6) for the displacement u = (u 1 ; u 2 ) on Γ = ∂Ω. Thus we obtain (1), (2), (10), (11), (6) and the initial data
This problem with λ = 0 and f i (u) ≡ 0 was considered in [12] (see also the literature cited there) with the additional strong (Kelvin-Voight type) damping force applied to the interior of the plate. In contrast with [12] we do not assume the presence of mechanical damping terms in the plate component of the system and consider a nonlinearly forced model. Simplified Model 2 (SM2). This model is concerned to dynamics of the transversal displacement w. The corresponding model assumes a special structure of the in-plane displacementsū =ū(x, t) ≡ (u 1 (x, t); u 2 (x, t)) in (4) as a function of the transversal displacement w only. Hence we neglect the equation in (5) (see, e.g., [15, 20] and the references therein). We also assume that α = 0. This formal procedure leads to the following boundary conditions imposed on the velocity field v = v(x, t):
This and also (2) imply that v 3 x3 = 0 and therefore the third (transversal) component T f (v) on ∂Ω is exactly the pressure p of the fluid. Thus the transversal displacement w = w(x, t) of the plate satisfies the following equation:
where G pl is a given body force on the plate, F(u) is a nonlinear feedback force which will be specified later. As a result we obtain Problem (SM2): Find the fluid velocity field v = (v 1 ; v 2 ; v 3 ), the pressure p, and the transversal displacement of the plate w satisfying (in some sense) equations (1), (2), (12), (13) and also compatibility condition (9), boundary conditions (7), and initial conditions of the form
Remark 1. We emphasize that even in the linear case due to the structure of the surface fluid forces T f (v) we cannot split system (1)-(8) into two sets of equations describing longitudinal and transversal plate movements separately, i.e., we cannot reduce the model in (GM) to the cases considered in the models in (SM1) and (SM2). The point is that in the case (SM1) equation (11) for longitudinal plate deformations does not contain the terms v 3 xi and the model does not require any compatibility conditions like (9) because the volume of the fluid obviously preserves. In the case of purely transversal displacements (see (SM2)) the force exerted on the plate by the fluid contains the pressure only. See also [9] for a further discussion.
Spaces and notations. To describe fluid velocity fields we introduce the following spaces. Let C(O) be the class of C ∞ vector-valued solenoidal (i.e., divergencefree) functions on O which vanish in a neighborhood of S. We denote by X the closure of C(O) with respect to the L 2 -norm and by V the closure of C(O) with respect to the H 1 (O)-norm. One can see that
We refer to [19] , for instance, for the details concerning spaces of this type.
To describe shell/plate displacements we use the Sobolev spaces H s (Ω) and 3 Results: Well-Posedness and Long-Time Dynamics
General Model. We deal with weak (variational) solutions to (1)-(9) and consider the cases ϱ > 0 and ϱ = 0 simultaneously. This is possible due to an additional regularity estimate for the shell velocities, which follows from (3) and from the standard trace theorem. Even in the case ϱ = 0 we have that
for every weak solution (v(t); u(t)). We use this observation to suggest unified way to prove a well-posedness result not distinguishing the cases ϱ > 0 and ϱ = 0 in contrast with [20] (see also [17] ). We also note that in the case we neglect the inertia of longitudinal deformations (ϱ = 0) the equations in (5) become elliptic. However, we keep the initial data for the in-plane displacement (u 1 ; u 2 ). The point is that the first order evolution for (u 1 ; u 2 ) goes from the boundary condition for the fluid velocity in (3) .
As a phase space we use
where w 1 is the third component of the initial displacement velocity u 1 and
Our main result concerning (GM) is the following well-posedness theorem.
Theorem 1.
Assume that α > 0, γ ≥ 0, ϱ ≥ 0, and 
, where the couple (v(t); u(t)) solves (1)- (9); -case ϱ = 0: S t (v 0 ; u 0 ; w 1 ) ≡Ū (t) = (v(t); u(t); w t (t)), where v(t) and u(t) = (u 1 (t); u 2 (t); w(t)) solves (1)- (9) with ϱ = 0.
Proof. We use the compactness method with Galerkin's approximations, which was inspired by the method developed in [3] for the case of a linear plate interacting with nonlinear Navier-Stokes equations. Uniqueness relies on the same idea as in [17] and involves Brésis-Gallouet type inequality. We follow the scheme of [13] in the proof of continuity properties of the solution and the energy equality. The details of the proof can be found in [9] .
Remark 2.
In the case α = 0 we can prove existence of weak solutions which satisfy an energy inequality using the same type of argument. Uniqueness of the solutions is still an open question. Sedenko's method does not work here because the nonlinearity is strongly supercritical when α = 0.
Our next result deals with global attractors. We recall (see, e.g., [5, 18] ) that global attractor of the dynamical system (S t , H) is defined as a bounded closed set A ⊂ H which is invariant (S t A = A for all t > 0) and uniformly attracts all other bounded sets:
lim t→∞ sup{dist H (S t y, A) : y ∈ B} = 0 for any bounded set B in H.
Theorem 2.
Assume that α > 0, γ > 0, and the external forces satisfy
Let the set of the stationary points in H of the problem (1)- (9) is bounded. Then the corresponding evolution semigroup S t possesses a compact global attractor.
To prove this theorem we apply J.Ball's method (in the form presented in [16] ).
To this end we need the property γ > 0, i.e., assume a presence of mechanical damping in the transversal component of displacement. The question whether the system under consideration demonstrates compact long-time behavior without mechanical damping in the shell component is still open. The main obstacle in this case is that the dissipation of the energy in the fluid leads to the mechanical damping of order 1/2 in the shell components (see (14) ). This is not enough to stabilize kinetic energy of the plate, which is of the first order, (at least, uniformly). The same effect is valid for the model (SM2) with rotational inertia (see Remark 3 below). However, in the case of rotational inertia neglected (α = 0) the matter differs. One can compare Remark 3 with the results for models (SM1) and (SM2), in which rotational inertia is not accounted for. We do not require any mechanical damping in these models and compact asymptotic dynamics of the corresponding systems is guaranteed by viscous dissipation in the fluid. Moreover, in these cases we can establish finite-dimensionality of the the corresponding attractors and also their smoothness. See [4, 8] for details. Simplified Model 1. We assume that the plate force potential Φ(u) ∈ C 2 (R 2 ) is a nonnegative polynomially bounded function,
and the following dissipativity condition holds: for any δ > 0 there exist c 1 (δ) > 0 and c 2 (δ) ≥ 0 such that
We can consider as examples
where ψ i (s) are nonnegative polynomials. We use the following phase space for this model:
Theorem 3 (Well-Posedness). Let U 0 ∈ H. Then for any interval [0, T ] there exists a unique weak solution (v(t); u(t)) to problem (SM1) for which an energy balance equality holds. Moreover, this solution defines a continuous evolution operator S t : H → H by the formula
where the couple (v(t); u(t)) solves problem (SM1), and there exists a constant a R,T > 0 such that for any couple of initial data possessing the property ∥U ∥ H , ∥Û ∥ H ≤ R we have
where S t U = (v(t); u(t); u t (t)) and S tÛ = (v(t);û(t);û t (t)). In the linear case Φ(u) ≡ 0 problem (SM1) generates an exponentially stable C 0 -semigroup of contractions e −tA in H: there exist C, α > 0 such that
We refer to [4] for the details . We note that property (16) improves the result in [12] which states the strong stability only.
The following result shows that model (SM1) demonstrates finite dimensional long-time dynamics. 
It is well-known (see, e.g., [18] ), that to prove the existence of a compact global attractor it is sufficient to show that the system is dissipative and asymptotically smooth. To prove dissipativity we use an appropriate Lyapunov function. As for asymptotic smoothness of the system and finite-dimensionality of the attractor, we rely on recently developed approach based on stabilizability estimates (see [6, 7] and the references therein). We refer to [4] for further details.
Simplified Model 2. We impose the following hypotheses concerning the nonlinear feedback force F(u) in the plate equation (13) .
The plate force potential Π is bounded on bounded subsets of H 2 0 (Ω), and there exist η < 1/2 and c ≥ 0 such that
We can consider Kirchhoff, von Karman, or Berger nonlinearities as examples of nonlinear feedback (elastic) force F(u), see [8] for the details.
We use
as a phase space and deal with weak (variational) solutions. 
and satisfies the energy balance equality
for every t > 0, where the energy functional E is defined by the relation
Moreover, there exists a constant a R,T > 0 such that for any couple of weak solutions U (t) = (v(t); w(t); w t (t)) andÛ (t) = (v(t);ŵ(t);ŵ t (t)) with the initial data possessing the property ∥U 0 ∥ H , ∥Û 0 ∥ H ≤ R we have
In the case G f ≡ 0, G pl ≡ 0, F(u) ≡ 0 the problem generates a strongly continuous exponentially stable contraction semigroup T t on H.
Using the same approach as in the proof of Theorem 4 we can establish the following result (see [8] for details). We recall (see, e.g., [18] ) that the unstable set M + (N ) emanating from some set N ⊂ H is a subset of H such that for each z ∈ M + (N ) there exists a full trajectory {y(t) : t ∈ R} satisfying y(0) = z and dist(y(t), N ) → 0 as t → −∞.
Remark 3. We can consider model (SM2) with the rotational inertia accounted for (i. e., with the additional inertial term −α∆w tt in the plate equation). In this case the phase space is {(v 0 ; w 0 ; w 1 ) ∈ H : w 1 ∈ H 1 0 (Ω)} and the corresponding analog of Theorem 5 remains true, except the property of exponential stability of the linear semigroup T t (the case G f ≡ 0, G pl ≡ 0, F(u) ≡ 0). To prove the existence of the attractor for (SM2) with the rotational inertia as in the case of (GM), we need to assume presence of rotational mechanical damping in the plate equation (see Theorem 2 and the comments after its statement). Whether model (SM2) with rotational inertia term and without mechanical dissipation demonstrates a compact long-time dynamics is still an open question.
